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Objective

▪Classification of vibration

▪Basic components of mechanical 

system

▪Mass, spring and damper

▪Equivalent springs (Combining 

stiffness)



Vibration is simply classified into 

Vibration

Free Vibration
F(t)=0

Forced Vibration
F(t)= function

Damped Undamped Damped Undamped



Mechanical System

Translation 
system

Rotional
system

Mechanical  system



Basic mechanical elements

❑The three basic elements of mechanical 

systems are:.

▪Mass or disc (inertia element)

▪Spring

▪Viscous Damping element (damper)



Translational mechanical elements

▪1- Mass Inertia

▪Masses is an inertia element that store Kinetic Energy (KE)

Mass

Linear Mass Rotational Mass

block Disck

mF(t)

F(t) = ma = mx

Translation 

T(t) =JÖ

K.E= 
1

2
JꝊ°2 = 

1

2
J ω2

T(t) 

K.E= 
1

2
mX°2 = 

1

2
m 𝑋°2

Rotational



▐ Translational mechanical elements

2. Spring: is a stiffness component that storing potential energy

Springs

Linear Spring Rotating Spring 

Spring force is linear and proportional to linear or angular displacementx



▐ Translational mechanical elements

▪3- Viscous damping (friction) “damper”

▪Damper is a dissipating component that Disperses

Damper

Linear Damper Rotating Damper

Spring force is linear and proportional to linear or angular displacement



▐

Equivalent springs (Combining stiffness)

▪Springs in series :



▐

Equivalent springs (Combining stiffness)

▪Springs in parallel l 

:

𝒇𝒆𝒒 = 𝒇𝟏 + 𝒇𝟐 + 𝒇𝟑 ------ (1)

Since, 𝒇 𝒕 = 𝒌 𝒙

Kxeq xeq= K1 X1 +K2X2 + K3X3

Xeq = X1 =  X2 =  X3

Keq = K1+ K2+ K3

Keq = σ𝒊=𝟏
𝒏 𝑲𝒕



▐

Equivalent springs (Combining stiffness)

▪Combined Springs (not in series nor in parallel):

𝒏

𝑷. 𝑬.𝒆𝒒 = Σ  𝑷. 𝑬𝒊
𝒊=𝟏



▐

Equivalent springs (Combining stiffness)

▪Combined Springs (not in series nor in parallel):

▪If equivalent spring at point (1)



▐

Equivalent springs (Combining stiffness)

▪Combined Springs (not in series nor in parallel):

▪If equivalent spring at point (1)

Xeq = X2

1

2
Keq 𝑋2

eq = 
1

2
K1 𝑋2

1 = 
1

2
K2 𝑋2

2

Keq = K1 
𝑋12

𝑋22
+K2

Keq = K1 
𝐿12

𝐿22
+K2



▐

Equivalent springs (Combining stiffness)

Another method (Using Newton 2nd law for
rotational system

(Since, link has negligible mass, then 𝑱 = 𝟎)

0 = (𝑘1 𝑥1)𝐿1 + 𝑘2 𝑥2 𝐿2 (1)

▪The equivalent spring at the position of spring (1)

𝐽 𝜃 = ∑ 𝑀o 0 = (𝑘eq 𝑥eq)𝐿1 (2)

At position (1)  𝑥eq = 𝑥1, eq. (1) =eq. (2)

(𝑘eq 𝑥1)𝐿1 = (𝑘1 𝑥1)𝐿1 + 𝑘2 𝑥2 𝐿2

Keq = = K1+ K2( 
𝑋1 𝑙1

𝑋2𝐿2
) = K1+ K2 (

𝑙1

𝐿2
)2



▐

Equivalent springs (Combining stiffness)

▪The equivalent spring at the position of spring (2)

0 = (𝑘eq 𝑥eq )𝐿2

At position (2) X e q =  𝑥2

(𝑘eq 𝑥2)𝐿2 = (𝑘1 𝑥1)𝐿1 + 𝑘2 𝑥2 𝐿2

Keq = = K1 ( 
𝑋1 𝑙1

𝑋2𝐿2
) + K2= K1 (

𝑙1

𝐿2
)2 + K2

X1 = L1 Ꝋ,  X2 = L2 Ꝋ



▪Dampers in series : 𝒚𝒆𝒒 = 𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑

Equivalent dampers

Since, 𝒇 (𝒕 ) = 𝒄 𝒚°

𝑓

𝐶𝑒𝑞
= 

𝑓

𝐶1
+ 

𝑓

𝐶2
+ 

𝑓

𝐶3

f  is constant 

1

𝐶𝑒𝑞
= 

1

𝐶1
+ 

1

𝐶2
+ 

1

𝐶3

𝐶𝑒𝑞 =෍

𝑖=1

𝑛
1

𝐶𝑖



Equivalent dampers

▪Dampers in parallel :

m

m

feq=f1 +f2+f3  --------- ( 1 )

Since f(t) = C  y˙

yeq= y1 + y2 + y3 -------(2)

Since yeq = y1 = y2 = y3

Hence Ceq = C1 +C2 + C3 Ceq

yeq

C1 C2 C3

𝐶𝑒𝑞 =෍

𝑖=1

𝑛

𝐶𝑖



Equivalent dampers

Combined dampers (not in series nor in parallel

𝐿𝟏

C1

C2

y2

l1

l2

𝐷. 𝐸 =෍

𝑖=1

𝑛

𝐷. 𝐸𝑖

D.Eeq = = 
1

2
C1 𝑦˙2 1 + 

1

2
C2 𝑦˙2 2 + 

1

2
C3 𝑦˙2 3

1

2
Ceq 𝑦2 eq =  

1

2
C1 𝑦˙2 1 + 

1

2
C1 𝑦˙2 2

1 2



Equivalent dampers

▪If equivalent damper at point (1)

𝒚𝒆𝒒= 𝒚𝟏 then 𝒚˙𝒆𝒒= 𝒚˙𝟏

Ceq = C1 + C2
𝑦˙22

𝑦˙12

y1=l1 ɵ, then yeq˙ = l1 ɵ˙

y˙1 = l ɵ˙1, and y˙2 = l ɵ˙2

Ceq = C1 + C2

𝑙22

𝑙12

1

2
Ceq 𝑦2 eq =  

1

2
C1 𝑦˙2 1 + 

1

2
C1 𝑦˙2 2



Equivalent dampers

▪Combined damper (not in series nor in parallel):

▪If equivalent damper at point (2)

𝒚𝒆𝒒 = 𝒚𝟐 then 𝒚eq˙ = 𝒚˙2

𝑪𝒆𝒒 𝒚2  =  𝒄1 𝒚1
2 +  𝒄2 𝒚2

2

l2

1

2

1

2

1

2

Ceq = C1 (
𝒚𝟏

𝒚𝟐
)𝟐+ C2 = C1 (

𝒍 𝟏

𝒍𝟐
)𝟐+ C2

Ceq



Equivalent dampers
▪ Another method (UsingNewton 2nd law for rotational 

system)

Jɵ˙  ̇= σ𝑀𝑜

(Link has negligible mass, then 𝐽=0)

The equivalent damper at the point (1)

𝐽 𝜃=∑𝑀 0 = (𝒄 𝒚1˙eq) 𝐿 1           (2) 

At position (1) 𝒚𝒆𝒒 =  𝒚𝟏

0 = (𝒄1 𝒚˙𝟏)𝐿1 + 𝒄2 𝒚˙2𝐿2 (1)

𝒄eq 𝒚1˙eq 𝐿 1= (𝒄1 𝒚˙𝟏)𝐿1 + 𝒄2 𝒚˙2𝐿2

Ceq = C1 + C2 
𝑙22

𝑙12



Equivalent dampers
▪Another method 

(UsingNewton2ndlawforrotationalsystem)

Jɵ˙  ̇= σ𝑀𝑜

(Link has negligible mass, then 𝐽=0)

The equivalent damper at the point (2)

𝐽 𝜃=∑𝑀 0 = (𝒄eq 𝒚2˙eq) 𝐿 2 (2) 

At position (1) 𝒚𝒆𝒒 =  𝒚𝟏

0 = (𝒄1 𝒚˙𝟏)𝐿1 + 𝒄2 𝒚˙2𝐿2 (1)

𝒄eq 𝒚2˙eq 𝐿 2= (𝒄1 𝒚˙𝟏)𝐿1 + 𝒄2 𝒚˙2𝐿2

Ceq = C1 (
𝒚𝟏

𝒚𝟐
)𝟐+ C2 = C1 (

𝒍 𝟏

𝒍𝟐
)𝟐+ C2
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